Introduction
Slotted ALOHA is a well-known multi-access communication protocol which originated in the early 1970s (Abramson [2] ). For a historical discussion and for details about several versions of ALOHA, we refer the reader to the recent text of Bertsekas and Gallager [3] , and to the special issue of the IEEE Transactions oflnformation Theory [ 1] . The protocol is usually analyzed by means of the following infinite user model. Packets to be transmitted over the channel are assumed to arrive according to a
Poisson process of rate A. Time is divided into slots -the duration of a slot is equal to the transmission time of a packet, and this is assumed to be constant 1. A newly arrived packet immediately attempts to use the slot after the one during which it arrives. Thus the total number of fresh packets attempting transmission in a slot is a random variable with Poisson (A) distribution, independent from slot to slot. Only one packet can be successfully transmitted in a slot -if more than one packet attempts to use a slot all attempting packets are blocked and need to be retransmitted in subsequent slots. Packets that have been blocked are called backlogged packets. Each packet that is backlogged at On fast simulation of the time to saturation of slotted ALOHA 683 the beginning of a slot independently attempts to use the slot with probability p, independently from slot to slot. The attempt mechanism is independent of the arrival process. With these assumptions, the slotted ALOHA protocol may be described by a discretetime Markov chain (X,, n > 0), with state space Z+, the set of non-negative integers, and proportion of time in the vicinity of is, until at some point a large excursion will take it beyond iu, after which with high probability it will continue on to co. for i E(0, 1, , i,). The limit is known to exist and to be independent of initial distributions co which are supported on (0, 1, ---, i ), [5] , and [7] , pp. 90 ff. Further, as is evident from the definition, v has the interpretation of the distribution in which the protocol will be found given that it has been operating satisfactorily for a long time. E,T is thus of considerable interest as a performance measure for the protocol; see Parekh et al. [9] and Schoute [12] . Since it is difficult to get a handle on E,T analytically, it is natural to attempt to determine it by simulation. One of the difficulties in doing this simulation is that saturation is a rare event when I < 1/e. Thus a straightforward regenerative simulation will see the system saturating very infrequently, and it will take many simulation runs to generate acceptable confidence bounds for the estimated time to saturation.
The quick simulation method of Cottrell et al. [4] may be used to speed up the estimation ofEoT, which is the mean time to reach in with the system starting empty. The idea here is to simulate a modified system in which saturation is more likely, and to On fast simulation of the time to saturation of slotted ALOHA 685 generate estimates for EoTby incorporating the likelihood ratio between the dynamics of the two systems. For more details, we refer to [4] , [10] , [13] , and [14] . Since the real time of interest is ET rather than EoT, it is natural to ask whether this method may be used also to effectively estimate the quasi-stationary exit time [9] .
In this paper, we analyze the dynamics of the ALOHA protocol motivated by the above question. The main conclusion is rather intuitive. We prove that (1.5) lim = 1. p-o EvT Thus, for small p (which is also required for the quick simulation method to be efficient), the quasi-stationary exit time does not differ very much from the time to exit starting from 0. The simulation-based estimates available in [4] may therefore be used with more confidence as representative of the actual quasi-stationary exit time.
In Section 2 we derive several preliminary lemmas, which will be used to prove the main result in Section 3. Several of the lemmas involve drift analysis, for which a good reference is [6] . The reader may wish to go directly to Section 3 after reading the statements of the lemmas in Section 2 before returning to their proofs. Some remarks on notation: let f and g be non-negative functions of p. We write f= O(g) to mean lim sup f(p)/g(p) 5 K for some K < oc as p -0. We write f= Q(g) to mean lim inf f( p)/g(p) ? k for some k > 0 as p --0. Proof. Let 'r denote the stationary distribution of (Xr, n > 0). Let us accept that we can find p < 1 independent of p such that We next show that the system reaches the stable equilibrium point relatively rapidly when it is started empty. 
Preliminary lemmas

Concluding remarks
In this letter we have established that as the attempt probability tends to 0, the quasi-stationary time to saturation of slotted ALOHA is asymptotically the same as the time to saturation starting empty. This work was motivated by the observation that the former is a more meaningful performance measure for slotted ALOHA than the latter. For the time to saturation started empty, the quick simulation method of Cottrell et al. [4] gives an efficient estimation scheme, based on ideas from the large deviation theory. Further, this scheme is particularly efficient for small attempt probabilities. The contribution of this paper is to point out that these numbers can be taken as representative also of the quasi-stationary time to saturation, and hence used with more confidence as a representative performance measure.
